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equal intervals of time, and are obtained by the construction 
described in Fig. 1.

Table I gives the lengths of the radii dB, dC, dD, .... Table II 
gives the lengths of the segments fB, fC, fD, ..., proportional to 

The Laws of Planetary Motion (A Teaching Method 
Inspired by the History of Physics)
Rojans Coqueiro Rodrigues and Penha Maria Cardozo Dias, Universidade Federal do Rio de Janeiro Instituto de Fisica, Rio de Janeiro, Brazil

In high school, and also in introductory physics courses in 
higher levels of schooling, the law of universal gravitation 
of planets is introduced by postulating Johannes Kepler’s 

three laws, and later Isaac Newton’s law of the inverse of the 
square of the distance to the Sun. The justification of the 
laws is only achieved in advanced courses in mechanics. We 
present material to teach the law of areas and the law of attrac-
tion, which is inspired by Newton’s analysis of motions under 
central forces, as done in Mathematical Principles of Natural 
Philosophy. The method is geometric, so that the dynamics 
behind the laws can be discussed with a ruler, triangles, and 
compass, or some software, without appeal to equations, and 
can be used on levels of instruction that dispense with analytic 
treatment.

The geometric method
There is strong evidence that the dynamic principles of 

motion under central force introduced by Newton were sug-
gested by a description of the motion of planets conceived by 
Robert Hooke and communicated to Newton in a letter on 
November 24, 1679.1

In the method, the motion of a body under central force is 
the composition of two motions: one is an inertial, uniform 
motion along the tangent to the orbit, and the other is a uni-
formly accelerated motion toward the center of force. This is 
illustrated in Fig. 1. A planet moves uniformly from A to B in 
a time t, describing the segment AB. If it continues to move 
with this speed, in an equal interval of time the body travels a 
distance equal to AB, reaching the point C . However, if at B 
the body receives a “pull” toward the center of forces 
(focus F1), it moves to C instead of C . The compo-
sition of the distance in uniform motion, AB, and 
the distance in the “fall” in direction to the center of 
force, Bb, leads to the point C on the orbit. Repeat-
ing the construction in succession, points C, D, E, 
... are the positions occupied by the moving body 
in equal intervals of time, which approximates the 
orbit by a polygonal line. Furthermore, the forces fB, 
fC, fD, … at B, C, D, ... are respectively proportional 
to segments Bb, Cc, Dd, ...; in fact, in a uniformly 
accelerated motion, the distance moved is propor-
tional to the acceleration. This makes possible to 
geometrically obtain the relationship between the 
magnitude of the central force and the radial vector 
(dB, dC, dD, ...).

The law of force
Figure 2 shows an ellipse with foci at (−7, 0) 

and (7, 0), with a semi-minor axis of 7.5 cm along 
the vertical axis; these measures make it possible 
to print the figure. Points C, ... , W are successive 
positions of the planet in the ellipse, in successive 

Fig. 1. BC = Ab, AB = bC, and Bb = C C, by construction. 
The force over the second interval is applied all at once 
at point B, whereupon the body moves along the diag-
onal BC, which is the composite of the “fall” from B to 
b and the inertial motion from B to C .

Fig. 2. The ellipse is approximated by a polygonal line.
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Comments

We suggest that the material be introduced after the usual 
teaching of Kepler’s law and before the teaching of universal 
gravitation. Perhaps, the limit process involved in Fig. 2 might 
be a difficulty. However, by drawing Fig. 2 a few times, using 
smaller and smaller intervals, students can be convinced that 
the ellipse can be approached by the polygonal line.

Reference
1. 	 Newton’s method applies to any motion under a central force. 

An analysis of the method is found in P. M. Cardozo Dias and T. 
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the force. Figure 2 (as well as Fig. 1) was made using the soft-
ware GeoGebra. The numbers in both tables were generated 
by the software, in the “Algebra Window.”

Taking the radial vector (Table I) as the abscissa, and the 
segment proportional to the force (Table II) as the ordinate, 
the curve in Fig. 3 was produced using Microsoft Excel. The 
equation is generated by the software. There is great agree-
ment with the law 

The law of areas
The method generates a partition of the area surrounded 

by the curve in areas swept out in equal time intervals (Fig. 4).
The values of the triangular areas are generated by the soft-

ware GeoGebra. The values are in Table III, and corroborate 
the law.

dB = 3.64 d I = 9.90 d P = 14.02

dC = 4.49 dJ = 10.63 dQ = 14.44

dD = 5.48 dK = 11.30 dR = 14.84

dE = 6.46 d L = 11.93 dS = 15.20

dF = 7.41 dM = 12.51 d T = 15.53

dG = 8.30 d N = 13.05 dU = 15.83

d H = 9.13 dO = 13.55 d V = 16.10

Table I. Radial vector (cm).

fB = 0.93 f I = 0.12 fP = 0.06

f C = 0.61 fJ = 0.10 fQ = 0.06

fD = 0.40 f K = 0.09 fR = 0.05

fE = 0.29 f L = 0.08 fS = 0.05

fF = 0.21 fM = 0.07 f T = 0.05

fG = 0.17 fN = 0.07 f U = 0.05

fH = 0.14 fO = 0.06 f V = 0.04

Table II. Segment proportional to the attracting force (cm).

Fig. 3. The force in an elliptic orbit.

Table III. Areas (cm²) swept out in equal time intervals by the radial 
vector.

t 1 = 3.97 t8 = 3.97 t 15 = 3.97

t 2 = 3.97 t 9 = 3.97 t16 = 3.97

t3 = 3.97 t10 = 3.97 t 17 = 3.97

t4 = 3.97 t 11 = 3.97 t 18 = 3.97

t5 = 3.97 t 12 = 3.97 t19 = 3.96

t 6 = 3.97 t 13 = 3.97 t 20 = 3.96

t 7 = 3.97 t 14 = 3.97 t 21 = 3.96

Fig. 4. The area under the ellipse is approximated by triangular 
areas; their heights are indicated.
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